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Geometrical edge barriers and magnetization in superconducting strips with slits
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We theoretically investigate the magnetic-field and current distributions for coplanar superconducting strips
with slits in an applied magnetic fieldHa . We consider ideal strips with no bulk pinning and calculate the
hysteretic behavior of the magnetic momentmy as a function ofHa due solely to geometrical edge barriers. We
find that themy-Ha curves are strongly affected by the slits. In an ascending field, themy-Ha curves exhibit
kink or peak structures, because the slits prevent penetration of magnetic flux. In a descending field,my

becomes positive, because magnetic flux is trapped in the slits, in contrast to the behavior of a single strip
without slits, for whichmy'0.
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I. INTRODUCTION

Superconducting flat strips subjected to a perpendic
magnetic field show magnetic hysteresis, even when
strips have no bulk pinning. The magnetic hysteresis of st
without bulk pinning arises from geometrical edge barrie
i.e., barriers for magnetic-flux penetration at the st
edges.1–6 Current-carrying strips have finite critical curren
arising from the edge barriers,7 and the critical current be
comes larger when slits are fabricated near the edges o
strips.8 The critical-current increase is due to the enhan
ment of edge-barrier effects; in other words, making s
increases the number of edges that prevent flux penetra
into the inner strips. The reversible magnetic response of
strips~i.e., a strip with a slit! in the Meissner state was con
sidered in Refs. 9 and 10. When an applied magnetic fi
exceeds a certain value, magnetic flux penetrates into
strips and the magnetic response becomes irreversible
hysteretic.9

In this paper, we present a theoretical investigation of
magnetic hysteresis of bulk-pinning-free strips with slits
the presence of an applied magnetic fieldHa . The hysteretic
behavior of the magnetic momentmy as a function ofHa
shown in this paper is due solely to the geometrical e
barriers. In Sec. II we outline our theoretical approach a
establish notation. In Sec. III we briefly review publish
results of themy-Ha curves of a single strip without slits. In
Sec. IV we investigate field distributions andmy-Ha curves
of two strips~i.e., a strip with a slit!, and in Sec. V we study
three strips~i.e., a strip with two slits!. We briefly summarize
our results in Sec. VI.

II. COMPLEX FIELD AND MAGNETIC MOMENT

We investigate coplanar superconducting strips~i.e., strips
in which slits are fabricated parallel to the edges! in a per-
pendicular magnetic field but carrying no net transport c
rent. The strips under consideration have total width 2a,
thicknessd!2a, and infinite length along thez axis ~i.e.,
uxu,a and uyu,d/2), as shown in Fig. 1. We assume th
0163-1829/2003/68~2!/024505~10!/$20.00 68 0245
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magnetic flux penetrates and escapes along thex axis, assum-
ing that there is no flux penetration from the ends atuzu
→`. ~We may think of the strip ends as being connected
superconducting shunts.!

The Biot-Savart law for the complex field3,8,10,11 H(z)
5Hy(x,y)1 iH x(x,y) as a function ofz5x1 iy in the thin-
strip limit d/a→0 is expressed as

H~z!5Ha1
1

2pE2a

1a

du
Kz~u!

z2u
, ~1!

where the magnetic fieldHa is applied parallel to they axis,
and Kz(x)5*2d/2

1d/2j z(x,y)dy is the sheet current along thez
axis. In Secs. IV and V we show distributions of magne
field Hy(x,0)5Re@H(x)# and current Kz(x)/257Hx(x,
60)57Im@H(x6 i0)#. The multipole expansion of Eq.~1!
for uzu/a→` is expressed as

FIG. 1. Cross sections of strips with total width 2a and thick-
nessd: ~a! single strip without slit,~b! two strips~i.e., strip with a
slit!, and~c! three strips~i.e., strip with two slits!.
©2003 The American Physical Society05-1
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H~z!→Ha1
1

2pE2a

1a

duKz~u!S 1

z
1

u

z2
1••• D

→Ha1
I z

2p

1

z
2

my

2p

1

z2
1•••, ~2!

where I z5*2a
1adxKz(x) is the transport current along thez

axis andmy5*2a
1adx(2x)Kz(x) is the magnetic moment in

the y direction per unit length. In this paper we consider t
hysteretic relationship betweenmy andHa of strips carrying
no net current (I z50).

The complex field for symmetrically arranged strips h
the general form@e.g., Eqs.~6!, ~14!, and~34!#

H~z!5HaA)
n

z22an
2

z22an
2
, ~3!

where the strip edges are atx56an . The parameteran
generally depends onHa . Equation~3! may be expanded a

H~z!→Ha1
Ha

2z2 (
n

~an
22an

2!1•••. ~4!

Comparing Eq.~4! with Eq. ~2!, we obtain a general expres
sion for the magnetic moment per unit length@e.g., Eqs.~7!,
~15!, and~35!#,

my52pHa(
n

~an
22an

2!. ~5!

When Ha is small enough, such that the local magne
fields at the strip edges are all less than the flux-entry fi
Hs ,4,7,8 the superconducting strips are in the Meissner s
and no magnetic flux penetrates into the strips. Referenc
and 10 describe the linear reversible magnetic respons
two strips in the Meissner state. On the other hand, whenHa
is sufficiently large to make the edge fields reachHs , mag-
netic flux penetrates into the strips, and the magnetic
sponse becomes irreversible and hysteretic. In Secs. II
we determine the parametersan and the magnetic momen
my as functions ofHa in ascending (Ha↑) and descending
(Ha↓) fields.

III. SINGLE STRIP WITHOUT SLITS

A. Complex field for a single strip

In this section we consider a single strip of width 2a, as
shown in Fig. 1~a!. The complex fieldH(z) and the mag-
netic moment per unit lengthmy for a single strip are given
by4

H~z!5HaAz22a2

z22a2
, ~6!

my52pHa~a22a2!. ~7!

For convenience we introducea65a6d, whered is a cut-
off length on the order of the thicknessd when the penetra
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tion depthl is small (l,d) or the two-dimensional screen
ing length L52l2/d when l is large (l.d); i.e., d
;max(d,L).

For a single strip, the field-evolution process proceeds
four steps, as shown in Fig. 2: step~0! for 0,Ha↑,H0, step
~i! for H0,Ha↑,H irr , step~ii ! for Ha.H irr , and step~iii !
for 0,Ha↓,H irr . Details of the field-evolution steps ar
described in the following Secs. III B and III C.

B. Single strip in an ascending field

Step (0) for0,Ha↑,H0. When a magnetic fieldHa is
increased after zero-field cooling, the superconducting st
are initially in the Meissner state. The magnetic field at t
edges is less than the flux-entry fieldHs @i.e., Hy(a1,0)
,Hs], and the edge barriers nearx.6a prevent penetration
of magnetic flux. In this step~0!, the parameter in Eq.~6! is
a50, and the magnetic moment is given by

my /p52Haa2. ~8!

Magnetic flux cannot penetrate into the strips so long
Hy(a1,0),Hs for Ha,H0, but step~0! terminates when
Hy(a1,0)5Hs at Ha5H0,

H0

Hs
5

Aa1
2 2a2

a1
.A2d

a
, ~9!

where the second equality is valid ford/a!1.
Step (i) for H0,Ha↑,H irr. WhenHa.H0, magnetic flux

nucleates atx.6a and penetrates into the strip. A domelik
distribution of magnetic flux exists foruxu,a1 and grows as
Ha increases. The parametera5a1 in Eq. ~6! is determined
by Hy(a1,0)5Hs ,

a1
25a1

2 2~Hs /Ha!2~a1
2 2a2!.a222da@~Hs /Ha!221#.

~10!

The magnetic moment is given by

my /p52Ha~a22a1
2!.2~Ha2Hs

2/Ha!ad. ~11!

FIG. 2. Schematic of the magnetization curves,my versusHa ,
for a single strip. The vertical dashed lines correspond to the c
acteristic fieldsH0 and H irr . The horizontal arrows show field
evolution steps of~0!, ~i!, ~ii !, and~iii !.
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Step~i! terminates whena15a2 at Ha5H irr , where

H irr

Hs
5Aa1

2 2a2

a1
2 2a2

2
5A2a1d

4a
.

1

A2
. ~12!

Step (ii) for Ha.H irr. The domelike distribution of mag
netic flux expands to include almost all of the strip, and
strip’s magnetic response is reversible forHa.H irr . The
edge field atHa5H irr is given byHy(a1,0).Hs .

C. Single strip in a descending field

Step (iii) for 0,Ha↓,H irr. In a descending field, mag
netic flux escapes from the strip, but a domelike distribut
of magnetic flux remains in the strip. The detailed behav
of the field distributions andmy in descending fields depend
upon the treatment of edges of a strip.3–5 Here we adopt a
simple model and puta5a2 , which results in a domelike
distribution of magnetic flux foruxu,a2 and a small but
sharply peaked current density flowing in the vicinity of t
edges,a2,uxu,a. The magnetic moment is given by

my /p52Ha~a22a2
2 !.22Haad, ~13!

which qualitatively agrees with that predicted by more d
tailed investigations.3–5

Note thatmy takes a very small negative value~i.e., 0
,2my!Hsa

2), because a single strip cannot trap any m
netic flux in a descending field. Geometric edge barriers
single strip without slits do not prevent escape of magn
flux. At Ha50 magnetic flux is entirely removed from
single strip, resulting in zero remanent magnetic mom
my50 at Ha↓50. For strips with slits, on the other han
magnetic flux is trapped in the slits, andmy becomes positive
in descending fields, as we show in Secs. IV and V.

IV. TWO STRIPS „STRIPS WITH A SLIT …

A. Complex field for two strips

In this section we consider two strips~i.e., a strip with a
single slit! of total width 2a, as shown in Fig. 1~b!. The
superconducting strips are atb,uxu,a, and the slit is cen-
tered between the stripsuxu,b. We assume that the tw
strips are connected at the ends (uzu→`) by superconducting
shunts, such that an applied magnetic fieldHa induces a
circulating current in the two strips*2a

2bKzdx52*1b
1aKzdx

Þ0. General expressions for the complex field and the m
netic moment per unit length for two strips are given by10

H~z!5HaA~z22a2!~z22b2!

~z22a2!~z22b2!
, ~14!

my52pHa~a21b22a22b2!. ~15!

In this section we use parametersa65a6d andb65b6d
@where d;max(d,L)], and define the functionf 2(x)5(x2

2a2)(x22b2) for convenience.
For two strips, the field-evolution process proceeds

seven steps, as shown in Fig. 3: step~0! for 0,Ha↑,H0,
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step~i! for H0,Ha↑,H1, step~ii ! for H1,Ha↑,H irr , step
~iii ! for Ha.H irr , step~iv! for H4,Ha↓,H irr , step~v! for
H5,Ha↓,H4, and step~vi! for 2H1,Ha↓,H5. Details of
the field-evolution steps are described in the following Se
IV B and IV C.

B. Two strips in an ascending field

Step (0) for0,Ha↑,H0. When a magnetic fieldHa is
applied after zero-field cooling, the superconducting str
are initially in the Meissner state. The magnetic fields at
edges are less than the flux-entry field 0,2Hy(b2,0)
,Hy(a1,0),Hs and no magnetic flux penetrates into th
strips. Figure 4~a! shows distributions of the perpendicula
field Hy(x,0) and currentKz(x)/257Hx(x,60) in step~0!.
The parameters in Eq.~14! are given bya5b5a0,b. Be-
cause the total magnetic flux in the slit is zer
*2b

1bHy(x,0)dx50, the parametera0 is determined as

a0
25a2@12E~b/a!/K~b/a!#, ~16!

whereK(k) and E(k) are the complete elliptic integrals o
the first and second kind, respectively. The magnetic mom
is given by

my /p52Ha~a21b222a0
2!. ~17!

Step ~0! terminates whenHy(a1,0)5Hs at Ha5H0,
where

H0

Hs
5

Af 2~a1!

a1
2 2a0

2
.

A2da~a22b2!

a22a0
2

. ~18!

Step (i) for H0,Ha↑,H1. During this step, magnetic flux
nucleates at the outer edges (x56a), flows inward across
the strips, and penetrates into the slit. Thus, we h
Hy(a1,0)5Hs and *2b

1bHy(x,0)dx.0. The field distribu-

FIG. 3. Schematic of the magnetization curves,my versusHa ,
for two strips. The vertical dashed lines correspond to the cha
teristic fieldsH0 , H1 , H irr , H4 , H5, and2H1. The horizontal ar-
rows show field-evolution steps of~0!, ~i!, ~ii !, ~iii !, ~iv!, ~v!, and
~vi!.
5-3
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FIG. 4. Field distributions ofHy(x,0), shown
as black lines, andKz(x)/257Hx(x,60),
shown as gray lines, in two strips for whichb/a
50.5: ~a! 0,Ha↑,H0, ~b! Ha↑5H1, ~c! H1

,Ha↑,H irr , ~d! H4,Ha↓,H irr , ~e! Ha↓5H4,
and~f! H5,Ha↓,H4. The horizontal dot-dashed
lines show the applied magnetic fieldHa .
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tions in step~i! are similar to those in Fig. 4~a!. The param-
etera5b5a1 is determined byHy(a1,0)5Hs ,

a1
25a1

2 2~Hs /Ha!Af 2~a1!.a22~Hs /Ha!A2da~a22b2!.
~19!

The magnetic momentmy is given by

my /p52Ha~a21b222a1
2!

.Ha~a22b2!22HsA2da~a22b2!. ~20!

Step~i! terminates whena15b1 at Ha5H1, where

H1

Hs
5

Af 2~a1!

a1
2 2b1

2
.A 2da

a22b2
. ~21!

The field distribution atHa5H1 is shown in Fig. 4~b!.
Step (ii) for H1,Ha↑,H irr. During this step, magnetic

flux penetrates fromx56a, because Hy(a1,0)5Hs .
Domelike distributions of magnetic flux appear in the str
at b1,uxu,a2 @Fig. 4~c!#, and grow asHa increases. Mag-
netic flux simultaneously exits the superconducting str
at x56b and enters the slit. Current spikes occur ne
x.6b in Fig. 4~c! because a finite currentKzÞ0 flows in
the vicinity of the inner edges,b,uxu,b1 , whereasKz
50 for b1,uxu,a2. In our theory, such current spike
which produce wiggles in the local magnetic field distrib
tion, always occur where magnetic flux is exiting from
dome in a superconducting strip.

The parameters are given bya5a2 and b5b1 , where
a2 is determined byHy(a1,0)5Hs ,

a2
25a1

2 2S Hs

Ha
D 2 f 2~a1!

a1
2 2b1

2
.a222da@~Hs /Ha!221#.

~22!

The magnetic momentmy is given by
02450
s
r

my /p52Ha~a21b22a2
22b1

2 !

.22~Hs
2/Ha!ad12Ha~a1b!d. ~23!

Step ~ii ! terminates whena25a2 at the irreversibility
field Ha5H irr.Hs /A2, when domelike flux distributions es
sentially fill the strips. The domes occupy the regionsb1

,uxu,a2 .
Step (iii) for Ha.H irr. When Ha5H irr , domelike flux

distributions fill the regionsb1,uxu,a2 , and the magnetic
response becomes reversible. AtHa.H irr , the magnetic
fields at the strip edges areHy(a1,0).Hy(b2,0).Hs , and
the parameters are given bya5a2 and b5b1 . The mag-
netic momentmy , which is due to currents flowing in the
narrow regions near the edges (b,uxu,b1 and a2,uxu
,a), is given by

my /p52H irr~a21b22a2
2 2b1

2 !.22H irr~a2b!d.
~24!

When Ha.H irr , the magnitude ofmy is reduced below
that given in Eq.~24!, because the current-carrying regio
near the edges become narrower. However, a more det
theory beyond the scope of the present approach would
required to calculatemy for Ha.H irr .

C. Two strips in a descending field

Step (iv) for H4,Ha↓,H irr. If the applied fieldHa has
been aboveH irr and now decreases throughH irr , magnetic
flux is expelled from the slit and penetrates into the str
from the inner edge atx56b, because the inner-edge fie
Hy(b2,0) is equal to the flux-entry fieldHs . Magnetic flux
in the strips escapes from the outer edges atx56a. The
domelike flux distributions atb4,uxu,a2 shrink asHa de-
creases@Fig. 4~d!#. Current spikes occur nearx.6a in Fig.
4~d! because a finite currentKzÞ0 flows in the vicinity of
the outer edges,a2,uxu,a, whereasKz50 at b4,uxu
,a2 . The parameters are given bya5a2 and b5b4,
whereb4 is determined byHy(b2,0)5Hs ,
5-4



in

ip

n

th

o
o
x

ith

ept

s
i-

GEOMETRICAL EDGE BARRIERS AND MAGNETIZATION . . . PHYSICAL REVIEW B68, 024505 ~2003!
b4
25b2

2 1S Hs

Ha
D 2 f 2~b2!

a2
2 2b2

2
.b212db@~Hs /Ha!221#.

~25!

The magnetic momentmy is given by

my /p52Ha~a21b22a2
2 2b4

2!

.2~Hs
2/Ha!bd22Ha~a1b!d. ~26!

Step~iv! terminates and the domelike field distributions
the strips disappear whenb45a2 at Ha5H4 @Fig. 4~e!#,
where

H4

Hs
5

Af 2~b2!

a2
2 2b2

2
.A 2bd

a22b2
. ~27!

Step (v) for H5,Ha↓,H4. During this step, positive
magnetic flux exits from the slit, penetrates into the str
from the inner edges atx56b, flows outward entirely
across the strips, and annihilates at the outer edgesx
56a), whereHy(a1,0),0. The field distribution is shown
in Fig. 4~f!.

The parametera5b5a5 is determined byHy(b2,0)
5Hs ,

a5
25b2

2 1~Hs /Ha!Af 2~b2!.b21~Hs /Ha!A2db~a22b2!.
~28!

Note thata5 is real ~anda5.a2) for 0,Ha,H4, that a5

→` for Ha→10, and thata5 is imaginary~i.e.,a5
2,0) for

H5,Ha,0. The magnetic momentmy is given by

my /p52Ha~a21b222a5
2!

.2Ha~a22b2!12HsA2db~a22b2!. ~29!

Even whenHa,0, positive magnetic flux is still trapped i
the slit, and the magnetic moment is positive.

Step ~v! terminates whenHy(a1,0)52Hs at Ha5H5
,0,

2H5

Hs
5

1

a1
2 2b2

2 @Af 2~a1!2Af 2~b2!#

.~Aa2Ab!A 2d

a22b2
. ~30!

Step (vi) for2H1,Ha↓,H5. During this step, negative
magnetic flux~i.e., flux lines aligned along the2y axis!
penetrates into the strips from the outer edges (x56a),
flows inward entirely across the strips, and annihilates at
inner edges (x56b), whereHy(b2,0).0. The parameter
a5b5a6 is determined byHy(a1,0)52Hs , and is given
by a6(Ha)5a1(2Ha), where a1(Ha) is defined in Eq.
~19!. Note thata6 is imaginary ~i.e., a6

2,0) for H* ,Ha

,H5, and that 0,a6,b1 for 2H1,Ha,H* , whereH1 is
defined in Eq.~21! and
02450
s

(

e

2H*

Hs
5

Af 2~a1!

a1
2

.A2~a22b2!d

a3
. ~31!

The magnetic field at the center of the slit,H(0)5Hy(0,0)
5Haab/ab, obeysH(0).0 for Ha↓.H* , and H(0),0
for Ha↓,H* .

Behavior for Ha↓,2H1. The magnetic response of tw
strips forHa↓,2H1 in descending fields is very similar t
the response forHa↑.H1 in ascending fields. The comple
field H(z,Ha) and magnetic momentmy(Ha) in descending
field can be determined from the ascending-field results w
the help of the symmetriesH(z,Ha↓)52H(z,2Ha↑) and
my(Ha↓)52my(2Ha↑), respectively.

D. Magnetization curves of two strips

Figure 5 shows hystereticmy versusHa curves for two
strips. In ascending fieldsHa↑ , the sheet currentKz(x) con-
centrates near the outer edges of the strips atx.6a @Figs.
4~b! and 4~c!#, and therefore, even for largeb/a, themy for
two strips is almost the same as that for a single strip exc
at low fields,Ha /Hs&0.2.

In descending magnetic fieldsHa↓ , we see in Fig. 5 a
striking difference betweenmy.0 for two strips andmy
'0 ~i.e., 0,2my!Hsa

2) for a single strip. The inner edge
of the two strips atx56b are responsible for the large pos
tive magnetic moment. The edge barriers nearx56b pre-
vent magnetic-flux penetration from the slit regionuxu,b
into the superconducting regionb,uxu,a. Magnetic flux is
therefore trapped in the slit as shown in Figs. 4~d!–4~f!, and
the magnetic moment becomes positive (my.0).

The remanent magnetic momentmrem is given by Eq.~29!
with Ha50,

mrem/p.2HsA2db~a22b2!, ~32!

which is maximized whenb/a51/A3'0.577. If the slit is
made wider,mrem increases asb/a increases for 0,b/a

FIG. 5. Hysteretic behavior of the magnetic momentmy of two
strips as a function of the applied magnetic fieldHa . Magnetization
curves of a single strip~dashed lines! and two strips~solid lines! for
b/a50.1, 0.577, and 0.9. The thickness of the strips isd/a
50.01.
5-5
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,1/A3, because the slit can trap a larger amount of magn
flux. If the slit is too wide, however,mrem decreases for
1/A3,b/a,1, because the superconducting strips~i.e., the
current-carrying region! become too narrow. A similar be
havior occurs for the peak of the magnetic momentmpeak,
which occurs atHa5H5. Equations~29! and ~30! yield

mpeak/p.Hs~Aa1Ab!A2~a22b2!d, ~33!

which is maximized whenb/a'0.403.

V. THREE STRIPS „STRIPS WITH TWO SLITS …

A. Complex field for three strips

In this section we consider three strips~i.e., strips with
two slits! of total width 2a, as shown in Fig. 1~c!. The outer
strips are atb,uxu,a, the inner strip is atuxu,c, and the
slits are atc,uxu,b. The strips are connected at the en
uzu→`, so that a circulating current flows in the outer strip
*2a

2bKzdx52*1b
1aKzdxÞ0. The inner strip carries no ne

current,*2c
1cKzdx50. The general expressions for the com

plex field and the magnetic moment per unit length for th
strips are

H~z!5HaA~z22a2!~z22b2!~z22g2!

~z22a2!~z22b2!~z22c2!
, ~34!

my52pHa~a21b21c22a22b22g2!. ~35!

In this section we use parametersa65a6d, b65b6d,
andc65c6d, whered;max(d,L). We also define a func
tion f 3(x)5(x22a2)(x22b2)(x22c2) for convenience.

For three strips, the field-evolution process proceeds
ten steps, as shown in Fig. 6: step~0! for 0,Ha↑,H0, step
~i! for H0,Ha↑,H15(H1Aor H1B), step ~ii ! for H1,Ha↑
,H25(H2AorH2B), step~iii ! for H2,Ha↑,H irr , step~iv!

FIG. 6. Schematic of the magnetization curves,my versusHa ,
for three strips. The vertical dashed lines correspond to the cha
teristic fields H0 , H15(H1A or H1B), H25(H2A or H2B), H irr ,
H5 , H6 , H7 , H8, and 2H1. The horizontal arrows show field
evolution steps of~0!, ~i!, ~ii !, ~iii !, ~iv!, ~v!, ~vi!, ~vii !, ~viii !, and
~ix!. The step~ii ! corresponds to either~ii-A ! when b2,a22ac
1c2 or ~ii-B ! whenb2.a22ac1c2.
02450
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for Ha.H irr , step~v! for H5,Ha↓,H irr , step~vi! for H6
,Ha↓,H5, step~vii ! for H7,Ha↓,H6, step~viii ! for H8
,Ha↓,H7, and step~ix! for 2H1,Ha↓,H8. Note that the
step ~ii ! corresponds to either~ii-A ! for H1A,Ha↑,H2A
when b2,a22ac1c2, or ~ii-B ! for H1B,Ha↑,H2B when
b2.a22ac1c2. Details of the field-evolution steps are d
scribed in the following Secs. V B and V C.

B. Three strips in an ascending field

Step (0) for0,Ha↑,H0. When a magnetic fieldHa is
applied after zero-field cooling@step~0!#, the superconduct-
ing strips are initially in the Meissner state. Figure 7~a!
shows the distributions ofHy(x,0) and Kz(x)/257Hx(x,
60). The parameters in Eq.~34! area5b5a0 andg50,
wherec,a0,b. Because the net magnetic flux in the slits
zero,*c

bHy(x,0)dx50, we find that

a0
25a22~a22c2!

E~k!

K~k!
, k5Ab22c2

a22c2
. ~36!

The magnetic moment is

my /p52Ha~a21b21c222a0
2!. ~37!

Step ~0! terminates whenHy(a1,0)5Hs at Ha5H0,
where

H0

Hs
5

Af 3~a1!

a1~a1
2 2a0

2!
.

A2da~a22b2!~a22c2!

a~a22a0
2!

. ~38!

Step (i) for H0,Ha↑,(H1A or H1B). In this step, mag-
netic flux nucleates at the outer edges,x56a, flows inward
across the outer strips, and penetrates into the slits; tha
Hy(a1,0)5Hs and*c

bHy(x,0)dx.0. However, no magnetic
flux penetrates into the inner strip becauseHy(c1,0),Hs .
The parameters are given bya5b5a1 andg50, wherec
,a1,b1 . The value ofa1 is determined fromHy(a1,0)
5Hs ,

a1
25a1

2 2~Hs /Ha!Af 3~a1!/a1

.a22~Hs /Ha!A2~a22b2!~a22c2!d/a. ~39!

The magnetic momentmy is given by

my /p52Ha~a21b21c222a1
2!

.1Ha~a22b22c2!22HsA2~a22b2!~a22c2!d/a.

~40!

The sign ofdmy /dHa5p(a22b22c2) can be either posi-
tive or negative, depending upon the relative widths of
strips.

Step ~i! terminates when eithera15b1 at Ha5H1A or
Hy(c1,0)5Hs at Ha5H1B . The characteristic fieldsH1A
andH1B are given by

H1A

Hs
5

Af 3~a1!

a1~a1
2 2b1

2 !
.A2~a22c2!d

a~a22b2!
, ~41!

c-
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FIG. 7. Field distributions ofHy(x,0), shown
as black lines, andKz(x)/257Hx(x,60),
shown as gray lines, in three strips for whic
b/a50.7 and c/a50.4: ~a! 0,Ha↑,H0, ~b!
H1A,Ha↑,H2A , ~c! H2A,Ha↑,H irr , ~d! H5

,Ha↓,H irr , ~e!H6,Ha↓,H5, and ~f! H8

,Ha↓,H7 ~magnified distribution in the inset!.
The horizontal dot-dashed lines show the appli
magnetic fieldHa .
H1B 1 Af 3~a1! Af 3~c1!

re
g-

H 1 f ~a ! f ~c !

nt
is
y

ns

.

for
Hs
5

a1
2 2c1

2 F a1
1

c1
G

.A 2d

a22c2SAa22b2

a
1Ab22c2

c D . ~42!

When b2,a22ac1c2, step ~i! terminates atHa5H1A
,H1B , whereas whenb2.a22ac1c2, step~i! terminates
at Ha5H1B,H1A .

Step (ii-A) for H1A,Ha↑,H2A and b2,a22ac1c2.
During this step, domelike distributions of magnetic flux a
present atb1,uxu,a2A in the outer strips, whereas no ma
netic flux penetrates into the inner strip@Fig. 7~b!#. The pa-
rameters are given bya5a2A , b5b1 , and g50, where
b1,a2A,a2 , anda2A is determined byHy(a1,0)5Hs ,

a2A
2 5a1

2 2S Hs

Ha
D 2 f 3~a1!

a1
2 ~a1

2 2b1
2 !

.a222~Hs /Ha!2~a22c2!d/a. ~43!

The magnetic momentmy is given by

my /p52Ha~a21b21c22a2A
2 2b1

2 !

.2Hac222~Hs
2/Ha!~a22c2!d/a. ~44!

Step~ii-A ! terminates whenHy(c1,0)5Hs at Ha5H2A ,
where
02450
2A

Hs
5A

a1
2 2c1

2 F 3 1

a1
2 ~a1

2 2b1
2 !

1
3 1

c1
2 ~b1

2 2c1
2 !

G
.A2~a1c!d/ac. ~45!

Step (ii-B) for H1B,Ha↑,H2B and b2.a22ac1c2. In
this step, a domelike distribution of magnetic flux is prese
for uxu,g2B in the inner strip, whereas no magnetic flux
present in the outer strips. The parameters are given ba
5b5a2B and g5g2B , where 0,g2B,c2 , c,a2B,b,
and a2B and g2B are determined by the coupled equatio
Hy(a1,0)5Hs andHy(c1,0)5Hs , which yield

Hs /Ha5~a1
2 2a2B

2 !A~a1
2 2g2B

2 !/ f 3~a1!

5~a2B
2 2c1

2 !A~c1
2 2g2B

2 !/ f 3~c1!. ~46!

The magnetic momentmy is given by

my /p52Ha~a21b21c222a2B
2 2g2B

2 !, ~47!

wherea2B andg2B must be determined numerically from Eq
~46!. Step ~ii-B ! terminates whena2B5b1 at Ha5H2B ,
where

H2B

Hs
5A 1

a1
2 2c1

2 F f 3~a1!

~a1
2 2b1

2 !2
2

f 3~c1!

~b1
2 2c1

2 !2G
.A2~a1c!~b22ac!d

~a22b2!~b22c2!
. ~48!

Step (iii) for (H2A or H2B),Ha↑,H irr. During this step,
domelike distributions of magnetic flux are present both
5-7
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uxu,g3 in the inner strip andb1,uxu,a3 in the outer strips
@Fig. 7~c!#. The parameters are given bya5a3 , b5b1 ,
and g5g3, where 0,g3,c2 , b1,a3,a2 , and a3 and
g3 are determined by the coupled equationsHy(a1,0)5Hs
andHy(c1,0)5Hs , which yield

Hs /Ha5A~a1
2 2a3

2!~a1
2 2g3

2!~a1
2 2b1

2 !/ f 3~a1!

5A~a3
22c1

2 !~c1
2 2g3

2!~b1
2 2c1

2 !/ f 3~c1!. ~49!

The magnetic moment is given by

my /p52Ha~a21b21c22a3
22b1

2 2g3
2!

.2Ha~a1b1c!d22~Hs
2/Ha!~a1c!d. ~50!

Step~iii ! terminates whena3.a2 andg3.c2 at Ha5H irr

.Hs /A2.
Step (iv) for Ha.H irr. The magnetic response is rever

ible for Ha.H irr . At Ha5H irr the parameters area
5a2 , b5b1 , and g5c2 , and the magnetic fields at th
edges areHy(a1,0).Hy(b2,0).Hy(c1,0).Hs . The mag-
netic moment atHa5H irr is given by

my /p52H irr~a21b21c22a2
2 2b1

2 2c2
2 !

.22H irr~a2b1c!d. ~51!

C. Three strips in a descending field

Step (v) for H5,Ha↓,H irr. During this step, domelike
distributions of magnetic flux are present forb5,uxu,a2 in
the outer strips and foruxu,c2 in the inner strip@Fig. 7~d!#.
These domelike flux distributions shrink asHa decreases
Magnetic flux escapes from the inner strip and penetra
into the slits. In turn, magnetic flux exits from the slits, pe
etrates into the outer strips, flows outward along the ou
strips, and finally escapes from the strips at the outer ed
x56a. The parameters are given bya5a2 , b5b5, and
g5c2 , whereb5 is determined byHy(b2,0)5Hs ,

b5
25b2

2 1S Hs

Ha
D 2 f 3~b2!

~a2
2 2b2

2 !~b2
2 2c2

2 !

.b212db@~Hs /Ha!221#. ~52!

The magnetic momentmy is given by

my /p52Ha~a21b21c22a2
2 2b5

22c2
2 !

.22Ha~a1b1c!d12~Hs
2/Ha!bd. ~53!

Step~v! terminates whenb55a2 at Ha5H5, where

H5

Hs
5

1

a2
2 2b2

2A f 3~b2!

b2
2 2c2

2
.A 2bd

a22b2
. ~54!

Step (vi) for H6,Ha↓,H5. Throughout this step, no
magnetic flux remains in the outer strips, but a domel
distribution of magnetic flux is still present foruxu,c2 in the
inner strip@Fig. 7~e!#. Magnetic flux atuxu,b penetrates into
the outer strips fromx56b, flows outward entirely acros
02450
s
-
r
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e

the outer strips, and annihilates atx56a, because
Hy(a1,0),0. The parameters are given bya5b5a6 and
g5c2 , wherea6 is determined byHy(b2,0)5Hs ,

a6
25b2

2 1
Hs

Ha
A f 3~b2!

b2
2 2c2

2
.b21~Hs /Ha!A2db~a22b2!.

~55!

Note thata6 is real ~and a6.a) for 0,Ha,H5, that a
→1` for Ha→10, and thata6 is imaginary~i.e., a6

2,0)
for H6,Ha,0. The magnetic momentmy is given by

my /p52Ha~a21b21c222a6
22c2

2 !

.2Ha~a22b2!12HsA2db~a22b2!. ~56!

In the thin-strip limit d/a→0, the remanent magnetic mo
mentmrem, given by Eq.~56! with Ha50, is the same as fo
two strips, Eq.~32!. Step ~vi! terminates whenHy(a1,0)
52Hs at Ha5H6,0, where

2H6

Hs
5

1

a1
2 2b2

2 FA f 3~a1!

a1
2 2c2

2
2A f 3~b2!

b2
2 2c2

2 G
.~Aa2Ab!A 2d

a22b2
. ~57!

Step (vii) for H7,Ha↓,H6,0. During this step~not
shown in Fig. 7!, the magnetic field at the outermost edges
equal to the negative flux-entry fieldHy(a1,0)52Hs .
Negative magnetic flux penetrates into the outer strips ax
56a and flows entirely across the outer strips into the sl
resulting in a reduction of magnetic flux in both the slits a
the center strip. The parameterg5c2 is fixed, anda5b
5a7 is imaginary~i.e., a7

2,0), wherea7 is determined by
Hy(a1,0)52Hs ,

a7
25a1

2 1
Hs

Ha
A f 3~a1!

a1
2 2c2

2
.a21~Hs /Ha!A2da~a22b2!.

~58!

The magnetic moment is given by

my /p52Ha~a21b21c222a7
22c2

2 !

.1Ha~a22b2!12HsA2da~a22b2!. ~59!

Step~vii ! terminates whena750 at Ha5H7,0, where

2H7

Hs
5

1

a1
2A f 3~a1!

a1
2 2c2

2
.A2~a22b2!d

a3
. ~60!

The magnetic field at the center,H(0)5Hy(0,0), is positive
for Ha.H7, but becomes zero atHa5H7.

Step (viii) for H8,Ha↓,H7,0. During this step, dome
like distributions of magnetic flux are present atb8,uxu
,c2 in the inner strip, whereas no magnetic flux is pres
5-8
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in the inner region,uxu,b8 @Fig. 7~f!#. The parameters ar
given bya50, b5b8, andg5c2 , whereb8 is determined
by Hy(a1,0)52Hs ,

b8
25a1

2 2S Hs

Ha
D 2 f 3~a1!

a1
2 ~a1

2 2c2
2 !

.a222~Hs /Ha!2~a22b2!d/a. ~61!

The magnetic moment is given by

my /p52Ha~a21b21c22b8
22c2

2 !

.2Hab222~Hs
2/Ha!~a22b2!d/a. ~62!

Step~viii ! terminates whenb85c2 at Ha5H8,0, where

2H8

Hs
5

Af 3~a1!

a1~a1
2 2c2

2 !
.A2~a22b2!d

a~a22c2!
. ~63!

At Ha5H8, no magnetic flux is present in either the inner
outer strips.

Step (ix) for 2H1,Ha↓,H8,0. During this step, no
magnetic flux is present in the strips, and the parameters
given by a50 and b5g5b9. The parameterb9, deter-
mined by Hy(a1,0)52Hs , is given by b9(Ha)5a1
(2Ha), wherea1 is defined in Eq.~39!.

Behavior for Ha↓,2H1,0. The magnetic response o
two strips forHa↓,2H1 in a descending field is very simi
lar to that forHa↑.H1 in an ascending field. The comple
field and magnetic moment as functions of the applied fi
can be determined with the help of the symmetr
H(z,Ha↓)52H(z,2Ha↑) and my(Ha↓)52my(2Ha↑),
respectively.

D. Magnetization curves of three strips

Figure 8 shows hystereticmy-Ha curves for three strips
In ascending magnetic fields atHa↑5(H2A or H2B), themy-
Ha curves of three strips have additional kinks@see arrow in
Fig. 8~a!# or peaks@see arrow in Fig. 8~b!#. Such kink or
peak structures do not appear in themy-Ha curves for a
single strip or two strips. They arise in three strips beca
the the edge barrier at the edges of the center stripx
.6c) impede the entry of magnetic flux. In descendi
fields Ha↓ , on the other hand, themy-Ha curves for three
strips are almost the same as those for two strips; the s
larity occurs because the edges of the center strip do
impede the exit of magnetic flux.

In three strips, the edge barriers nearx.6a and6c are
effective in preventing the entry of magnetic flux inHa↑ , but
are not effective in stopping the exit of magnetic flux inHa↓ .
On the other hand, while the edges atx.6b do not impede
entering magnetic flux inHa↑ , the edge barriers there ar
responsible for impeding flux exit inHa↓ .

VI. CONCLUSION

We investigated field distributions and the magnetic m
ment my of bulk-pinning-free strips with slits in applied
02450
r

re

d
s

e
(

i-
ot

-

magnetic fieldsHa , and we studied these in detail for in
creasing fieldsHa↑ and decreasing fieldsHa↓ . For two
strips, the complex field and the magnetic moment are gi
by Eqs.~14! and ~15!, respectively. The field-evolution pro
cess proceeds in seven steps, as shown in Fig. 3. In dec
ing fields Ha↓ , the edge barriers near the inner edges ax
.6b impede the exit of magnetic flux from the slit atuxu
,b into the strip atb,uxu,a. The trapping of magnetic
flux in the slit inHa↓ results in a positive remanent magne
moment,my.0 atHa↓50, rather than a zero remanent m
ment, which occurs for a single strip without slits. For tw
strips, the remanent magnetic moment atHa↓50 is maxi-
mized whenb/a51/A3.

For three strips~i.e., strips atuxu,c andb,uxu,a), the
complex field and the magnetic moment are given by E
~34! and ~35!, respectively. The field-evolution process pr
ceeds in ten steps, as shown in Fig. 6. The edge barrie
x.6b in Ha↓ are effective in trapping magnetic flux as
two strips. In the thin-strip limitd/a→0, the remanent mag
netic moment for three strips atHa↓50 is the same as fo
two strips. InHa↑ , the edge barriers atx.6c impede the
penetration of magnetic flux into the inner strip. As a con
quence, themy of three strips inHa↑ exhibits kink or peak
structures that are not present for two strips.

The above arguments for three strips can be extende
an arbitrary number of strips. Consider a symmetric array

FIG. 8. Hysteretic behavior of the magnetic momentmy of three
strips as a function of the applied magnetic fieldHa . ~a! Magneti-
zation curves of a single strip~dashed lines!, two strips~gray solid
lines! with b/a50.7, and three strips~black solid lines! with b/a
50.7 andc/a50.5. ~b! Magnetization curves as~a! but for b/a
50.9 andc/a50.8. The thickness of the strips isd/a50.01.
5-9
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N coplanar strips of total width 2a0 (N21 slits!, in which
the strip edges are atx56an , where aN21,aN22,•••

,a1,a0. Superconducting strips occupy the regionsan11

,uxu,an with n even, and slits are atan11,uxu,an with n
odd. The region spanning the centerline,uxu,aN21 corre-
sponds to a superconducting strip for oddN and a slit for
evenN. The even edges atx56an for n50, 2, 4,••• im-
pede flux entry in increasing applied fieldsHa↑ , and the odd
edges atx56an for n51, 3, 5,••• impede flux exit in de-
creasing fieldsHa↓ .

By considering narrow slit widths, one may further exte
the above approach to model grain-boundary pinning in t
M.

.
s.

02450
n

films. The resulting model would be the thin-film analog
the bulk-pinning model discussed in Ref. 12.
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